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1. INTRODUCTION

A Goop number of designs with- provisions of two-way elimination
of heterogeneity is now available in literature. Actually all these designs
have been obtained by rearranging designs with one-way elimination
so as to get some balance for the row effects. Thus Latin square is

‘obtained from Randomised Block design and Youden’s Square from

symmetrical Balanced Incomplete Block design. Recently a number
of designs like, Youden’s Square following from other types of incom-
plete block designs, have been obtained by the various research
workers in this field. Smith and Hartley (1948) showed that -from
any symmetrical incomplete block design, it is possible to get design
with two-way elimination of heterogeneity by suitable arrangement
of the treatments in- different positions within blocks. Earlier . Bose
and Kishen (1939) found some designs of this type from symmetrical
partially balanced -incomplete block designs. Afterwards, extending
this idea Shrikhande (1951), Hartley, Shrikhande and Taylor (1953)
and Taylor (1957) found some more designs following from balanced
incomplete block designs with b= mwv, and b % mv where m is an integer.
Shrikhande (1951) found some other designs also following from
partially balanced incomplete block designs with & = mv and also
b = mv. In the present note, a class of p.b.i.b. designs with b & mv
has been obtained, for which two-way elimination is possible. As no
inter-block analysis of such row-balanced p.b.i.b. designs is available
so far, a method of such analysis has also been included in the present

note.
2. DEsCRIPTION

Taking, as usual, the parameters of p.b.i.b. designs as v, b,r,
EAG=12,....9) n({i=1,2,....5) and p*;(,j, k= 1,2,....5);
where

bk =wr )

Z,'m = —1 (2)
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Tnh=rk—1 &)
v ko=p,wheni %k -

P ” . )

= zgi—1wheni=k" Jooe e -

’ mpty = mp'y = P - ’ 6

these designs can be devided into 3 broad -classes,’ viz., () b=,
(i) b = mv, (iii) b % mv or r = mk + T where m > 1 and ~ are positive
integers. Bose and Kishen (1939) developed the row-balancing of
symmetrical p.b.i.b. designs and discussed their analysis without
recovery .of inter-block information. Shrikhande (1951) extended this
idea to the case of p.b.i.b. designs with b = mv as well as b %= mv and
found out two designs for b # mv. Here we shall discuss about a class
of designs with b # mv for which two-way elimination of heterogeneity
is possible. As r 7 mk, arrangement of treatments within blocks
so that every treatment is replicated a constant number of times in
each row is impossible. The alternative is that some partially balanced
arrangement of the treatments within rows may be possible. It may be
possible to have such arrangements for many p.b.i.b. designs but
an analysis after eliminating row-effects becomes straightforward if
the following conditions are satisfied:

(i) each treatment is replicated at least m times and atmost (m + 1)
times in each row; where m is a positive integer;

(i) the (m + 1)th replicate of the treatments (or briefly the odd
treatments) can be so arranged among the rows, that the rows form a
p.b.i.b. design with parameters

v = M =k; r,k, AL A, A ny....n;

] ' ' . ’ .
H =m, Hy =H,....Ng =14, Pty = pryy GJ k=1,
2,....9 '

or, in other words, with respect to any odd treatment (say «) the re-
maining odd treatments can be divided into the same s groups as the
original p.b.i.b. design such that o and any other treatment of the
i-th group (i =1, 2,.... s) occur together in 2,/ (i =1, 2.... s) blocks.

An example for such p;b.i.b. designs with parameters v = 12,
b=16, k=3, r=4, =1, A =0, m; =8, ny,=3, ply; ='(%3
P% = (89) is given on’ next page. R Lo
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Blocks

‘Rows| 1 2 3 4 5_6_789 10111213141516

31 125710 4 1 6 311 8.12 9 10 7 41
2014 811 12:9 1007 6 3 52 5.2 11 8-

3./360912 811 25 7 1014 912 3 6

" The arrangement of the odd tredtm_ents ihfthé rows are:

Rows " Odd treatments in the rows
1 1 4 7 10
2 2 5 8 11
3 3 6 9 12

which is a p.b.i.b. design with parameters '
=12, b =3 =, K —d, n =8, =3, A =0,
A =1, p*u=pb, (I, 1, k=1, 2).
Tl1eorem 1 . . _
The followmg class of des1gns given by [Bose and Nalr (1939)]
e lp - b=pY e k= P—1m=p(p—2),

pp—=3) (p—1)

"jhz"=p'—1_,'xl%‘l;aa=0_:‘pu— LR

(p(p—2) _2)

'where p.is a prime or power of a prime, can be arranged satlsfymg the
" above two conditions. The example glven above 1s a spec1al case
when p = 4.
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" For pfoof it is necessary to prove the following lemma. Pl
Lemma 1 o ‘ L o
The class of designs given above is resolvable

Proof—The proof easily follows from the method of construction
of the class given by Bose and Nair (1939) which is as follows :—

Let the p(p — 1) varieties be arranged as
1, 2, 3, . . . P
p+Lp+2p+3 2p

G-+, @=Dp+2 (G—Dp+3....p(—1)

. Consider. the set of (p'— 1) orthogonal Latin square of side p. In
the first orthogonal square, replace the ‘p’ letters by the varieties 1, 2,..p
and in the second square by p+ 1, p+2,....2p and so on for the
remaining (p — 3) Latin squares of the set. Now superimposing on
the first square, the remaining (p — 2) squares so formed-and taking the
cells- each containing p — 1 varieties ‘as blocks, we get the required
design. Since each treatment occurs once and only once in each row
and column of each of the Latin squares, p blocks correspondmg to the
cells in any row (or column) of the superimposed Latin -square
give a complete replication of the treatments. Similarly, the -blocks
corresponding to the other rows (or columns) account for the other
replications. Thus, the blocks get divided into as many sets as there
are rows (or-columns)..—Hence the. lemma. :

Proof of Theorem 1

Since the design is resolvable, it is possible to separate out a set
«§”of p blocks such that each treatment occurs once in this set of blocks.
Again as b = v + p, the remaining b — p blocks constitute an incom-
plete block design with b = v and it is always possible to arrange the
treatments within the & — p blocks so that each treatment occurs once
in each row. As each treatment occurs once in the set “ S also;
in the arrangement of the complete design each treatment occurs
at least once and at most-twice in each row.

Now let us denote the treatments 1, 2,....p by the group * A4;”;

p+1 p+2....20by 475 p—Dp+ L (p—2)p£2,..
plp—Dby4d (p ~ 1); From the method of .construction: of the- des1gn
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it is evident that the different blocks of set * S ** are obtained by taking
one different treatment from each of (p — 1) groups. Thus in arranging
the treatments within the blocks of “ S in rows it is always possible
to bring all the treatments of the same group in the same row. Thus “
the odd treatments in the dltferent rows also form a p.bi i b des1gn |
with parameters : i

v=v, b=k 1r=1, Kk =p, /\1’ =0, X'=1, n' =n,
ny =n, and p'%; = p¥,.

Hence the theorem is proved.

Similarly it can be shown that the class of p.b.i.b. des1gns given
by Bose and Nair (1939) with parameters

v=pq; b=p* r=p; k=gq; mm=p(@g—1);

na=p—1;A =1 A=0; ply= (pg_1_12) po.l

: pig—1) 0
Py = ( 0 pP— 2)
for values of p, g given below can be arranged satisfying the above two
requirements. Shrikhande’s design (1951) with v = 15, b = 25, r = 5,
k=3nm=10,m=4XA=1 2=0; plu=( %, p% =(13 9 is a
particular case of the class with p =5 and g = 3. In the case of
designs with b — v = ap, where « is an integer and greater than one,
the arrangement of the odd treatments in the rows will be such, that
the treatments complementary® to the odd treatments should belong
to the groups defined above.

Values of p

B~ ..
5 3 4 6 7 8 9 .
) 2 3 4. 4 5 5
S : ] S
. 2 3 3 4 3.
" 2 2 3 2
“ 2

-* Treatments which do not occur m + 1 times 4in the rows.
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3. METHOD OF ‘ANALYSIS <. . .%o "
We shall discuss here the analysis of two . associates class of p.b.i.b.
designs with r=mk + 7. T C
Let
Yig=p+ b+ ri+ v+ eyu
where
| * b, = jth block effect, j=1,2,....b

v, = tth treatment effect, 7 =1, 2,....v
r;, =ithroweffect,i=1,2,....k
p = grand mean.

Y4 @ = observed yield of tth treatment in ith block and
Jjth row

and ¢, s are randomly distributed with zero mean and variance o2.
The normal equations by the method of least square are

V= fj‘.—-’yum =r(+v)+ S 0)+ S ?) Q)
B, =1_%; Yy =k +b) + S5 (v) o ' ®
R, =”Z‘; Vi = b+ r) + S () ©)
G =Zyyu = bk A (10)

where

S, () = Sum of row effects over those rows containing
the odd replicate of »,;

S, (b)) = Sum of block effects over those blocks contain-
ing v,;

S; (v) = Sum of all the odd replicates in the ith row;

S; (v;) = Sum of all the treatments in the jth block.

Let us define

1 1. -
0= (V.- 35.B)— ;S R)+ 32
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Hence substituting from the normal equations, @, becomes

Q"='{r'(k» k1)+z\ + '.,.b ;} -

R R

where Z'v,, = sum of all the treatments which are 2nd assomates ‘of
v,. Summing (11) over all the treatments which are 2nd associates
of v, we have

(A — Ay Ay — A '
ZQ¢2=[{1k 2+ 1 b 2}P121]Ut

P sy

+{'A “h ik ;_Az'} {pzﬁ_-pla-z}]zvu

(12)

where £ Q,, = sum of @,’s of thqse v,’s which- are -2nd associates
of v, From equations (11) and (12) the solution for v, is

'Ut=i“{(322— Qt_Bm‘Z.Qt‘,} .‘ L 13)

where

rtk—D4+XN N -1
kT

. .
b

Ags = By ploy :
- Byy = Ay + Biy (PP — ) - [ -

‘ : (14)
and f . . ERC S
A = Ali:B_22 - By, A22' oo | -
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Now the’ sum -of squares ‘due.to. treatments- can .be: obtained from
2 v,0, and the different variance components are presented in Table L

) TApﬁﬁ I

Analysis ;if Variance

Sources d.f. S.S.
' 12 G?
Blocks . b—1 % BZ — Iy
. ,' : l 5y 2A G?
Rows . | k—1 EZR‘ Y
Treatments .. =1  Zv0 .
Residual .. bk—vy=bi42  On substraction
: P
ToTAL .. bkfl Zyhio — R
Variances of different treatment contrasts are given by
2 : . :
Var @, —vi) = o (B as
A .
when v,, and v, are lst associates;
. 20.2
- Var (v, — ‘Ut) =,‘—'— (B2 + Byo). " -(16)

when v,, and. v,, are 2nd associates, and o? is estlmated by the resi-
dual mean square ‘whose expectation is (bk — v — k — b + 2) o2

f 3.1. - RECOVERY OF INTER-BLOCK INFORMATION

Assummg the block effects to be normally distributed with zero
mean and variance oy?, it is poSs1b’le to “increase the accuracy of the
experiment by extracting the information on'treatment comparisons
glven by the block totals (B,) Max1mlsmg

1 L
Z(J’u(n #—"4 v,)? +m

x{,z[(B,-ku—%S;-(éa)i]%}‘ @
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with: respect. to v, and using the equations given by (7), (8), (9) and (10)
we. have

__[SB) 1G] [rle— D+ h+f =N
0= — 1|2 | 57(]+[ 2 :

+3 O =) o+ [(—_."1 - "i“;.fl

A — A
LM . 2]21,0’2

or . . .
=Qt+Q,=[r(k—1)+A];+f(r—Al)
. o —Az)(l—f)
P e |
A=A o
_ +AT-£]Z'U,, Q1)
where . ’
0/ =15.B)~ 1,
Uy o
and
P =Qt+Q’t

Summing (21) over all treatments which are 2nd assoclates of v, we have

TR (RS IR BT 5) P

T =D+ M4+f0r=2) , A —7r
+[{ % T3 }

HE=NOED. Moy

”X{P222“P122}]Z?;t,-- ) o Y (22)

From equations (21) and (22) we have
o _BuP, —BuZP,
t A/' T

(23)
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where

" dp o LEZD RSO0 | O

| B'12 _ A= /\2) a-5 + (A ; A)

A 3p-= B 129"
B g = A'ys + Bl"(Pzzo“‘Pzz)
AAI '—A12B,22_A2ZB]2 _
and X P, = sum of P,’s of those v, ’s which are 2nd associatés of ;.
Now

N

202, :
w Var (v, — v;,) = ,Ka; (B's2)

when v, and v,, are Ist associates; and

20* )
Var (’I.J,1 —_ 'U,,) = 2 { 22 + B 12}

hen v,, and v,, are 2nd assomates

Ly"

As indicated earlier, the estimate of o2 can be obtained from the
residual mean square of Table I whose expectation is o* Proceeding
in the same way as Taylor (1957) has done for B.L.B. des1zn the estimate
of ¢,2 can be obtained from the expected value of Block S.S. of Table 1I

(below):
TABLE II |
, Sources L d.f. S.S.

" Rows and Trééfmentg'.' et k—2 ZR - Z 5,%P
Blocks .. b—1 . On substraction
Residual .. bk—b—k—v-+2 Same as Table

G2
ToTAL .. bk —1 Z Ve — b

* v, is the solution of the equations
(rb—7 + ) Uy + (A =A) TV, =Py
and
Ay =Ng) Py Vg + ((b=7 + 7") + (A =Ag) (pz‘.}z-lplea)]
x YVy,=2P, ’
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Expected value of block S.S. for the class of designs defined above
(Taking block effects to be random) becomes

(b—l)k012~{b’l‘”_(v—7—_l_l?\-,
B MDA Vo
(bl—r—}-/\)(br—'r—!—)\ +-p (A -—)\2)

6 -1t

Equating the calculated value to its expected value the required
estimate of o42 is obtained. -

4. SUMMARY

A class of partially balanced incomplete block designs with b = mv
for which two-way elimination of heterogeneity is possible has been
obtained. Methods of analysis with ard without recovery of inter-
block information has been also given for such deSIgns
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